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Abstract
Based on the gauge invariant variables proposed in [K. Nakamura, Prog. Theor. Phys.
110 (2003), 723.], general framework of the second order gauge invariant perturbation
theory on arbitrary background spacetime is considered. We derived formulae of
the perturbative Einstein tensor of each order, which have the similar form to the
definitions of gauge invariant variables for arbitrary perturbative fields. As a result,
each order Einstein equation is necessarily given in terms of gauge invariant variables.
The perturbative approach is one of the popular techniques to investigate physical systems. In par-
ticular, this approach is powerful when the construction of exactly soluble models is difficult. In general
relativity, there are many exact solutions to the Einstein equation[1] but these are often too idealized
to properly represent natural phenomena. In this situation, the perturbations around appropriate exact
solutions are useful to investigate realistic situations. Cosmological perturbation theory[2] is now the
most commonly used technique, and perturbations of black holes and stars have been widely studied to
obtain descriptions of the gravitational radiation emitted from them[3].
In general relativistic perturbations, gauge freedom, which is unphysical degree of freedom, arises due
to general covariance. To obtain physically meaningful results, we have to fix these gauge freedom or to
extract gauge invariant part of perturbations. These situations are also seen in the recent investigations
of the oscillatory behavior of gravitating Nambu-Goto membrane[4, 5], which are concerning about the
dynamical degree of freedom of gravitating extended objects. In these works, it was necessary to dis-
tinguish true dynamical degree of freedom from gauge freedom in perturbations and to develop a gauge
invariant treatment of general relativistic perturbations.
In particular, we discussed comparison of the oscillatory behavior of a gravitating string with that of
a test string, in Ref.[5]. To do this, we have developed two-parameter general relativistic gauge invariant
perturbation on the Minkowski spacetime, in which one of the perturbation parameter is the string energy
density and the other is the string oscillation amplitude. Such multi-parameter perturbations have many
other physical situations to be applied. The perturbation of spherical stars[7] is one of them, in which
we choose the gravitational field of a spherical star as the background spacetime for the perturbations,
one of the parameters for the perturbations corresponds to the rotation of the star and another is the
pulsation amplitude of it. The effects due to the rotation-pulsation coupling are described in the higher
order. Even in one-parameter case, it is interest to consider higher order perturbations. In particular,
Gleiser et al.[8] reported that the second order perturbations predict accurate wave form of gravitational
waves. Thus, there are many physical situations to which higher order gauge invariant perturbations
with multi-parameter should be applied, and it is worthwhile to discuss them from general point of view.
In this article, we show our treatments of two-parameter higher order gauge invariant perturbations.
In our treatments, we do not specify the physical meanings of parameters for perturbation nor background
spacetime, though it is necessary to specify both of them when we apply them to some physical situations.
Though the “general covariance” is mathematically formulated in the concept of spacetime manifolds,
it intuitively states that there is no preferred coordinate system in nature. Due to this general covariance,
“gauge freedom” in general relativistic perturbations arises. To explain this “gauge freedom”, we must
remind what we are doing in perturbation theories.
In any perturbation theory, we always treat two spacetime: one is the physical spacetime (M, gab)
which should be described by perturbations; another is the background (M0,
(0)gab) which is prepared
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for calculations. Keeping these two manifolds in our mind, we always write the equation
Q(“p”) = Q0(p) + δQ(p). (1)
where Q is any physical field onM. Through Eq. (1), we are implicitly assuming that there exists a map
X :M0 →M : p ∈ M0 7→ “p” ∈M, which is usually called a “gauge choice” in perturbation theory[9].
Namely, Q(“p”) in Eq. (1) is a field on M and “p” ∈ M. On the other hand, we should regard that the
background value Q0(p) of Q(“p”) and its deviation δQ(p) from Q0(p) in Eq. (1) are fields on M0 and
p ∈M0. Since Eq. (1) is for fields, it implicitly states that the points “p” ∈M and p ∈M0 are same.
Note that the gauge choice X is not unique when we consider theories in which general covariance
is imposed and this degree of freedom of X is “gauge freedom” of perturbations. If there is a preferred
coordinate system on both M0 and M, we can choose X using this coordinate system. However, there
is no such coordinate system due to general covariance and we have no guiding principle to choose X .
Based on this understanding of “gauge”, the gauge transformation is simply the change of the map X .
To see this, we only consider the one-parameter perturbation case, because the essence of discussion for
multi-parameter perturbations is same[6, 10]. We denote the perturbation parameter by ǫ and we consider
the m + 1-dim manifold N = M× IR, where m = dimM and ǫ ∈ IR. The background M0 = N|ǫ=0
and the physical spacetime M = N|IR=ǫ =: Mǫ are submanifolds embedded in N . On this extended
manifold N , we consider an exponential map Xǫ which is a point identification map from M0 to Mǫ.
The map Xǫ is a gauge choice discussed above. We also consider another gauge choice Yǫ. The pull-back
of each gauge choice maps any field Qǫ on Mǫ to XQǫ := X ∗ǫ Qǫ and
YQǫ := Y∗ǫQǫ on M0, respectively.
The gauge transformation is induced by the map Φǫ = X
−1
ǫ ◦ Yǫ,
YQǫ = Y
∗
ǫQ|M0 =
(
Y∗ǫX
∗
−ǫX
∗
ǫ Q
)∣∣
M0
= Φ∗ǫ (X
∗
ǫ Q)|M0 = Φ
∗
ǫ
XQλ,ǫ. (2)
The substitution of expansions XQǫ = Qǫ+ǫ£uQǫ+(ǫ
2/2)£2uQǫ+O(ǫ
3), YQ = Qǫ+ǫ£vQǫ+(ǫ
2/2)£2vQǫ+
O(ǫ3), and Q = Q0 + ǫQ1 + (ǫ
2/2)Q2 +O(ǫ
3) into Eq. (2) leads each order gauge transforamtion rules,
YQ1 −
XQ1 = £ξ1
XQ0,
YQ2 −
XQ2 = 2£ξ1
XQ1 +
(
£ξ2 +£
2
ξ1
)
XQ0, (3)
where ξa1 = u
a − va, ξa2 = [u, v]
a, and ua (va) is the generator of Xǫ (Yǫ).
The gauge transformation Φǫ = X−1ǫ ◦Yǫ also induces the coordinate transformation onMǫ. A chart
(U , X) on M0 with a gauge choice Xǫ becomes a chart (XǫU , X ◦ X−1ǫ ) on Mǫ ({x
µ}). Another gauge
choice Yǫ induces another chart (YU , X ◦ Y−1) on Mǫ ({yµ}). In the passive point of view, we obtain
yµ(q) := xµ(p) =
((
Φ−1
)∗
xµ
)
(q) = xµ(q)− ǫξµ1 (q) +
ǫ2
2
{−ξµ2 (q) + ξ
ν
1 (q)∂νξ
µ
1 (q)} +O(ǫ
3). (4)
This includes the additional degree of freedom ξµ2 and this does show that the gauge freedom in pertur-
bations is more than the usual assignment of coordinate labels.
Similarly, the gauge transformation rules in two-parameter perturbations are given by
XQǫ,λ := X
∗
ǫ,λQǫ,λ =:
∞∑
k,k′=0
λkǫk
′
k!k′!
δ
(k,k′)
X Q, δ
(0,0)
X Q = Q0, (5)
δ
(p,q)
Y
Q− δ
(p,q)
X
Q = £ξ(p,q)Q0, (p, q) = (0, 1), (1, 0), (6)
δ
(p,q)
Y Q− δ
(p,q)
X Q = 2£ξ( p
2
,
q
2
)
δ
( p2 ,
q
2 )
X Q+
{
£ξ(p,q) +£
2
ξ
(
p
2
,
q
2
)
}
Q0, (p, q) = (0, 2), (2, 0), (7)
δ
(1,1)
Y Q − δ
(1,1)
X Q = £ξ(1,0)δ
(0,1)
X Q+£ξ(0,1)δ
(1,0)
X Q
+
{
£ξ(1,1) +
1
2
£ξ(1,0)£ξ(0,1) +
1
2
£ξ(0,1)£ξ(1,0)
}
Q0. (8)
Now, we define gauge invariant variables. Our starting point to construct gauge invariant variables is
the assumption which states that we have already known the procedure to find gauge invariant variables
for the linear metric perturbations. Then, linear metric perturbations (1,0)hab (
(0,1)hab) decomposed as
(p,q)hab =:
(p,q)Hab + 2∇(a
(p,q)Xb), (p, q) = (1, 0), (0, 1), (9)
2
where (p,q)Hab ((p,q)Xa) is gauge invariant (variant). (Henceforth, we omit the gauge index X .)
This assumption is non-trivial. However, once we accept this assumption, we can always find gauge
invariant variables for higher order perturbations[6]. In the second order, the metric perturbations are
decomposed as
(p,q)hab =:
(p,q)Hab + 2£( p
2
,
q
2
)
X
( p2 ,
q
2 )hab +
(
£(p,q)X −£
2
(
p
2
,
q
2
)
X
)
(0)gab, (p, q) = (2, 0), (0, 2); (10)
(1,1)hab =:
(1,1)Hab +£(0,1)X
(1,0)hab +£(1,0)X
(0,1)hab
+
{
£(1,1)X −
1
2
£(1,0)X£(0,1)X −
1
2
£(0,1)X£(1,0)X
}
(0)gab, (11)
where (p,q)Hab ((p,q)Xa) is gauge invariant (variant).
Using gauge variant parts (p,q)Xa of metric perturbations, gauge invariant variables for an arbitrary
field Q other than metric[6] are given by
δ(p,q)Q := δ(p,q)Q−£(p,q)XQ0, (p, q) = (1, 0), (0, 1), (12)
δ(p,q)Q := δ(p,q)Q− 2£( p
2
,
q
2
)
X
δ(
p
2 ,
q
2 )Q−
{
£(p,q)X −£
2
(
p
2
,
q
2
)
X
}
Q0, (p, q) = (2, 0), (0, 2), (13)
δ(1,1)Q := δ(1,1)Q−£(1,0)Xδ
(0,1)Q−£(0,1)Xδ
(1,0)Q
−
{
£(1,1)X −
1
2
£(1,0)X£(0,1)X −
1
2
£(0,1)X£(1,0)X
}
Q0. (14)
Next, we show the expression of perturbative Einstein equations of each order using these gauge
invariant variables defined above. We consider the pull-back X ∗ǫ,λG˜
b
a on M0 of the Einstein tensor
G˜ ba on M and expand X
∗
ǫ,λG˜
b
a as Eq. (5). In terms of gauge invariant and variant variables of metric
perturbations defined above, the perturbative Einstein tensors are given by
(p,q)G ba =
(1)G ba
[
(p,q)H dc
]
+£(p,q)X
G ba , for (p, q) = (0, 1), (1, 0), (15)
(p,q)G ba =
(1)G ba
[
(p,q)H dc
]
+ (2)G ba
[
(p,q)H dc ,
(p,q)H dc
]
+ 2£( p2 ,
q
2 )X
(p2 ,
q
2 )G ba
+
{
£(p,q)X
−£2( p2 ,
q
2 )X
}
G ba for (p, q) = (0, 2), (2, 0), (16)
(1,1)G ba =
(1)G ba
[
(1,1)H dc
]
+ (2)G ba
[
(1,0)H dc ,
(0,1)H dc
]
+£(1,0)X
(0,1)G ba +£(0,1)X
(1,0)G ba
+
{
£(1,1)X
−
1
2
£(1,0)X
£(0,1)X
−
1
2
£(0,1)X
£(1,0)X
}
G ba , (17)
(1)G ba
[
A dc
]
:= −2∇[aA
bd
d] −A
cbRac +
1
2
δ ba
(
2∇[eA
ed
d] +RedA
ed
)
, (18)
(2)G ba
[
A dc , B
d
c
]
:= 2RadB
(b
c A
d)c + 2A de[a B
b
d] e + 2B
de
[a A
b
d] e
+2A de ∇[aB
be
d] + 2B
d
e ∇[aA
be
d] + 2A
b
c ∇[aB
cd
d] + 2B
b
c ∇[aA
cd
d]
−
1
2
δ ba
(
2RdeB
(d
f A
e)f + 2A de[f B
f
d] e + 2B
de
[f A
f
d] e + 2A
d
e ∇[fB
fe
d]
+2B de ∇[fA
fe
d] + 2A
fe∇[fB
d
d]e + 2B
fe∇[fA
d
d]e
)
, (19)
where Aabc := ∇(aAb)c − (1/2)∇cAab and Babc and
(p,q)Habc follow the same definition. We note that
(1)G ba [∗] and
(2)G ba [∗, ∗] are gauge invariant parts of the perturbative Einstein tensors and each expression
(15)-(16) has the similar form to Eqs. (12)-(14), respectively.
Next, to consider the Einstein equation, we expand the energy momentum tensor as Eq. (5) and we
impose the perturbed Einstein equation of each order (p,q)G ba = 8πG
(p,q)T ba . We defining the each
order gauge invariant variable (p,q)T ba for the perturbative energy momentum tensor by Eqs. (12)-(14).
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Then, perturbative Einstein equation of each order is given by
8πG (p,q)T ba =
(1)G ba
[
(p,q)H dc
]
, for (p, q) = (0, 1), (1, 0), (20)
8πG (p,q)T ba =
(1)G ba
[
(p,q)H dc
]
+ (2)G ba
[
(p,q)H dc ,
(p,q)H dc
]
, for (p, q) = (0, 2), (2, 0), (21)
8πG (1,1)T ba =
(1)G ba
[
(1,1)H dc
]
+ (2)G ba
[
(1,0)H dc ,
(0,1)H dc
]
. (22)
Thus, order by order Einstein equations are necessarily given in terms of gauge invariant variables only.
In summary, we showed the general framework of higher order gauge invariant perturbations of Ein-
stein equation. We have confirm two facts First, if the linear order gauge invariant perturbation theory is
well established, its extension to higher order and multi-parameter perturbation is straightforward. Sec-
ond, perturbative Einstein equations of each order are necessarily given in gauge invariant form. The
second result is trivial because any equation can be written in the form that the right hand side is equal
to “zero” in any gauge. This “zero” is gauge invariant. Then the left hand side of this equation should
be gauge invariant. In this sense, the above second result is trivial. However, we have to note that this
trivial result implies that our framework is mathematically correct at this level.
Further, we also note that in our framework, we do not specify anything about the background
spacetime and physical meaning of the parameters for the perturbations. Our framework is based only
on general covariance. Hence this framework is applicable to any theory in which general covariance is
imposed and it has very many applications. Though this framework is not complete, yet, we are planning
to apply this to some physical problems. We leave these applications as our future works.
The author would like to thank to Prof. M. Omote (Keio Univ.) and Prof. S. Miyama (NAOJ) for
their continuous encouragement.
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